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Abstract. We propose the complex group theoretical Clebsch-Gordon coefficients as a novel origin
of CP violation. This is manifest in our model based on SU(5) combined with the double tetrahedral
group, T ′. Due to the presence of the doublet representations in T ′, there exist complex CG
coefficients, leading to explicit CP violation in the model, while the Yukawa couplings and the
vacuum expectation of the scalar fields remain real. The tri-bimaximal neutrino mixing matrix arises
from the CG coefficients of the T ′. In addition to the prediction for θ13 ∼ θc/(3
√
2), the model gives
rise to a sum rule, tan2θ⊙ ∼ tan2 θ⊙, TBM + 12 θc cosδ , which is a consequence of the Georgi-Jarlskog
relations in the charged fermion sector. The leptonic Dirac CP violating phase, δℓ, is predicted
to be ∼ 227o, which turns out to be the value needed to account for the difference between the
experimental best fit value for the solar mixing angle and the TBM prediction. The predicted CP
violation measures in the quark sector are also consistent with the current experimental data.
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INTRODUCTION
The origin of the cosmological matter antimatter asymmetry in the universe is one of the
fundamental questions that still remain to be answered. Due to the small quark mixing,
the complex phase in the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix generates
a baryonic asymmetry that is vanishingly small. The observation of neutrino oscillation,
on the other hand, opens up the possibility of generating the baryonic asymmetry
through leptogenesis. The success of leptogenesis crucially depends on the existence
of CP violating phases in the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix that
describes the neutrino mixing [1].
We propose [2] the complex Clebsch-Gordon (CG) coefficients as a new origin of CP
violation. Such complex CG coefficients exist [3] in the double tetrahedral group, T ′ [4].
In this scenario, CP violation occurs explicitly from the CG coefficients of the T ′ group
theory, while the Yukawa coupling constants and the VEVs of the scalar fields remain
real. As a result, the amount of CP violation in our model is determined entirely by the
group theory, unlike in the usual scenarios. It gives the right amount of CP violation in
the quark sector and in the lepton sector, through leptogenesis, gives rise to the right
amount of the matter antimatter asymmetry.
THE MODEL
Our model [2, 5], which is based on SU(5) model combined with a family symmetry
based on T ′, simultaneously gives rise to the tri-bimaximal neutrino mixing and realistic
CKM quark mixing [6]. For the field content of our model, see [2, 5]. The discrete
symmetry, Z12 ×Z′12, of our model allow the lighter generation masses to arise only at
higher mass dimensionality, and thus provides a dynamical origin of the mass hierarchy.
The Lagrangian of the Yukawa sector of the model is given by, LYuk = LT T +LT F +
LFF +h.c., where
−LT T = ytH5T3T3 + 1Λ2 H5
[
ytsT3Taψζ + ycTaTbφ 2
]
+
1
Λ3
yuH5TaTbφ ′3 , (1)
−LT F = 1Λ2 ybH
′
5FT3φζ +
1
Λ3
[
ys∆45FTaφψN + ydH5′FTaφ 2ψ ′
]
, (2)
−LFF = 1ΛMX
[
λ1H5H5FFξ +λ2H5H5FFη
]
, (3)
which is invariant under SU(5)×T ′ and it is CP non-invariant. Here the parameter Λ is
the cutoff scale of the T ′ symmetry while MX is the scale where lepton number violating
operators are generated. Note that all Yukawa coupling constants, yx, are real parameters
since their phases can be absorbed by redefinition of the Higgs and flavon fields. The T ′
flavon fields acquire vacuum expectation values along the following direction,
〈ξ 〉=

 11
1

ξ0Λ , 〈φ ′〉=

 11
1

φ ′0Λ , 〈φ〉=

 00
1

φ0Λ , (4)
〈ψ〉=
(
1
0
)
ψ0Λ ,
〈
ψ ′
〉
=
(
1
1
)
ψ ′0Λ ,〈ζ 〉= ζ0Λ , 〈N〉 = N0Λ , 〈η〉= u0Λ . (5)
Note that all the expectation values are real.
The matrices Mu, Md and Me, upon the breaking of T ′ and the electroweak symmetry,
are given in terms of seven parameters by [2, 5]
Mu =

 iφ
′3
0 (
1−i
2 )φ ′30 0
(1−i2 )φ ′30 φ ′30 +(1− i2)φ 20 y′ψ0ζ0
0 y′ψ0ζ0 1

ytvu, (6)
Md, MTe =

 0 (1+ i)φ0ψ
′
0 0−(1− i)φ0ψ ′0 (1,−3)ψ0N0 0φ0ψ ′0 φ0ψ ′0 ζ0

ydvdφ0 . (7)
The SU(5) relation, Md =MTe , is manifest in the above equations, except for the factor of
−3 in the (22) entry of Me, due to the SU(5) CG coefficient through the coupling to ∆45.
In addition to this −3 factor, the Georgi-Jarlskog (GJ) relations also require Me,d being
non-diagonal, leading to corrections to the TBM pattern [2, 5]. Note that the complex
coefficients in the above mass matrices arise entirely from the CG coefficients of T ′.
The interactions in LFF lead to the following neutrino mass matrix,
Mν =

 2ξ0 +u0 −ξ0 −ξ0−ξ0 2ξ0 −ξ0 +u0
−ξ0 −ξ0 +u0 2ξ0

 λv2
Mx
, (8)
As these interactions involve only the triplet representations of T ′, the relevant product
rule is 3⊗ 3. Consequently, all CG coefficients are real, leading to a real neutrino Ma-
jorana mass matrix. The neutrino mass matrix given in Eq. 8 has the special property
that it is form diagonalizable, i.e. independent of the values of ξ0 and u0, it is diagonal-
ized by the tri-bimaximal mixing matrix, UTTBMMνUTBM = diag(u0+3ξ0,u0,−u0+3ξ0) v
2
u
MX≡ diag(m1,m2,m3). While the neutrino mass matrix is real, the complex charged lepton
mass matrix leads to a complex VPMNS =V †e,LUTBM.
NUMERICAL PREDICTIONS
The predicted charged fermion mass matrices in our model are parametrized in terms of
7 parameters [2, 5],
Mu
ytvu
=

 ig
1−i
2 g 01−i
2 g g+(1− i2)h k
0 k 1

 , (9)
Md, MTe
ybvdφ0ζ0 =

 0 (1+ i)b 0−(1− i)b (1,−3)c 0
b b 1

 . (10)
With b ≡ φ0ψ ′0/ζ0 = 0.00304, c ≡ ψ0N0/ζ0 = −0.0172, k ≡ y′ψ0ζ0 = −0.0266, h ≡
φ 20 = 0.00426 and g ≡ φ ′30 = 1.45× 10−5, the following mass ratios are obtained,
md : ms : mb ≃ θ 4.7c : θ 2.7c : 1, mu : mc : mt ≃ θ 7.5c : θ 3.7c : 1, with θc ≃
√
md/ms ≃ 0.225. We
have also taken yt = 1.25 and ybφ0ζ0 ≃mb/mt ≃ 0.011 and included the renormalization
group corrections. As a result of the GJ relations, realistic charged lepton masses are
obtained. Making use of these parameters, the complex CKM matrix (in standard form)
is,

 0.974 0.227 0.00412e
−i45.6o
−0.227−0.000164ei45.6o 0.974−0.0000384ei45.6o 0.0411
0.00932−0.00401ei45.6o −0.0400−0.000935ei45.6o 1

 . (11)
Values for all |VCKM| elements are consistent with current experimental values [7] except
for |Vtd|, the experimental determination of which has large hadronic uncertainty. The
predictions of our model for the angles in the unitarity triangle are, β = 23.6o, α = 110o,
and γ = δq = 45.6o, and they agree with the direct measurements within 1σ of BaBar
and 2σ of Belle. Our predictions for the Wolfenstein paramteres, λ = 0.227, A = 0.798,
ρ = 0.299 and η = 0.306, are very close to the global fit values except for ρ . Our
prediction for the Jarlskog invariant, J ≡ Im(VudVcbV ∗ubV ∗cd) = 2.69×10−5, in the quark
sector also agrees with the current global fit value.
As a result of the GJ relations, our model predicts tan2 θ⊙ ≃ tan2 θ⊙,TBM + 12θc cosδℓ,
with δℓ being the leptonic Dirac CP phase in the standard parametrization. In addition,
our model predicts θ13 ∼ θc/3
√
2. Numerically, the diagonalization matrix for the
charged lepton mass matrix combined with UTBM gives the PMNS matrix (in standard
form),
 0.838 0.542 0.0583e
−i227o
−0.385−0.0345ei227o 0.594−0.0224ei227o 0.705
0.384−0.0346ei227o −0.592−0.0224ei227o 0.707

 , (12)
which gives sin2 θatm = 1, tan2 θ⊙ = 0.420 and |Ue3| = 0.0583. The two VEV’s, u0 =
−0.0593 and ξ0 = 0.0369, give ∆m2atm = 2.4× 10−3 eV2 and ∆m2⊙ = 8.0× 10−5 eV2.
The leptonic Jarlskog is predicted to be Jℓ = −0.00967, and equivalently, this gives
δℓ = 227o. With such δℓ, the correction from the charged lepton sector can account
for the difference between the TBM prediction and the current best fit value for θ⊙.
Our model predicts (m1,m2,m3) = (0.0156,−0.0179,0.0514) eV, with Majorana phases
α21 = pi and α31 = 0. Since δℓ is the only non-vanishing leptonic CP violating phase,
our model also predicts the sign of the baryonic asymmetry. δℓ is the only non-vanishing
leptonic CP violating phase in our model and it gives rise to lepton number asymmetry,
εℓ ∼ 10−6. By virtue of leptogenesis, this gives the right sign and magnitude of the
matter-antimatter asymmetry [8].
CONCLUSION
We propose the complex group theoretical CG coefficients as a novel origin of CP
violation. This is manifest in our model based on SU(5) combined with the double
tetrahedral group, T ′. Due to the presence of the doublet representations in T ′, there exist
complex CG coefficients, leading to explicit CP violation in the model, while having real
Yukawa couplings and scalar VEVs. The predicted CP violation measures in the quark
sector are consistent with the current experimental data. The leptonic Dirac CP violating
phase is predicted to be δℓ ∼ 227o, which gives the cosmological matter asymmetry.
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